We show how all non-MHV tree-level amplitudes in 0 ≤ N ≤ 4 gauge theories can be obtained directly from the known MHV amplitudes using the scalar graph approach of Cachazo, Svrcek and Witten. Generic amplitudes are given by sums of inequivalent scalar diagrams with MHV vertices. The novel feature of our method is that after the 'Feynman rules' for scalar diagrams are used, together with a particular choice of the reference spinor, no further helicity-spinor algebra is required to convert the results into a numerically usable form. Expressions for all relevant individual diagrams are free of singularities at generic phase space points, and amplitudes are manifestly Lorentz-(and gauge-) invariant. To illustrate the method, we derive expressions for n-point amplitudes with three negative helicities carried by fermions and/or gluons. We also write down a supersymmetric expression based on Nair's supervertex which gives rise to all such amplitudes in 0 ≤ N ≤ 4 gauge theories.
Introduction
In a recent paper Cachazo, Svrcek and Witten [1] proposed a remarkable new approach for calculating tree-level scattering amplitudes of n gluons. In this approach tree amplitudes in gauge theory are found by summing tree-level scalar diagrams. The CSW formalism [1] is constructed in terms of scalar propagators, 1/q 2 , and tree-level maximal helicity violating (MHV) amplitudes, which are interpreted as new scalar vertices. This novel diagrammatic approach follows from an earlier construction of Witten [2] which related perturbative amplitudes of conformal N = 4 supersymmetric gauge theory to D-instanton contributions in a topological string theory in twistor space.
The results of [2, 1] have been tested and further developed in gauge theory in [3, 4, 5, 6, 7] , and in string theory and supergravity in [8, 9, 10, 11, 12, 13, 14, 15, 16] .
In [3] the CSW diagrammatic approach [1] was extended to gauge theories with fermions, and it was also shown that supersymmetry is not required for the construction to work. At tree level the scalar graph formalism works in supersymmetric and non-supersymmetric theories, including QCD.
The motivation of the present paper is to show how non-MHV (NMHV) tree-level amplitudes in 0 ≤ N ≤ 4 gauge theories can be obtained directly from the scalar graph approach. One of the main points we want to make is that after the 'Feynman rules' for scalar diagrams are used, together with the off-shell continuation of helicity spinors on internal lines, expressions for all relevant individual diagrams are automatically free of unphysical singularities at generic phase space points, and amplitudes are manifestly Lorentz-(and gauge-) invariant. Hence, no further helicity-spinor algebra is required to convert the results into an immediately usable form.
To illustrate the method, we will derive expressions for n-point amplitudes with three negative helicities carried by fermions and/or gluons. We will also write down a supersymmetric expression which gives rise to all such amplitudes in 0 ≤ N ≤ 4 gauge theories. This compliments a very recent calculation of Kosower [6] of such amplitudes in the purely gluonic case.
As in [3] , we will consider tree-level amplitudes in a generic SU(N) gauge theory with an arbitrary finite number of colours. SU(N) is unbroken and all fields are taken to be massless, we refer to them generically as gluons, fermions and scalars. The gauge theory is not necessarily assumed to be supersymmetric, i.e. the number of supercharges is 4N , where 0 ≤ N ≤ 4. This paper is organised as follows. In section 2 we will use supersymmetric Ward identities to express NMHV purely gluonic amplitudes in terms of NMHV amplitudes with gluons and two fermions 1 . Then, using the CSW scalar graph method for gluons [1] and fermions [3] , in sections 3 and 4 we will derive expressions for the NMHV amplitudes with three negative helicities involving gluons and fermions.
Section 5 of this paper considers the scalar graph method with the single analytic supervertex of Nair [17] . We provide a single formula which gives rise to all tree-level NMHV amplitudes with three negative helicities in 0 ≤ N ≤ 4 supersymmetric gauge theories, involving all possible configurations of gauge fields, fermions and scalars. There is also no principle obstacle to continue with further iterations of the analytic supervertex and derive formal expressions for tree amplitudes with an arbitrary number of negative helicities. Depending on the topology of the iteration, these expressions would correspond to different skeleton diagrams of [5] in 0 ≤ N ≤ 4 supersymmetric gauge theories.
We end the introduction with a brief review of the spinor helicity formalism and definitions of the MHV amplitudes.
Amplitudes in the spinor helicity formalism
Using colour decomposition, an n-point amplitude M n can be represented as a sum of products of colour factors T n and purely kinematic partial amplitudes A n . The latter have the colour information stripped off and hence do not distinguish between fundamental quarks and adjoint gluinos. The scalar graph method [1] is used to evaluate only the purely kinematic amplitudes A n . Full amplitudes are then determined uniquely from the kinematic part A n , and the known expressions for T n .
We will first consider theories with N ≤ 1 supersymmetry. Gauge theories with extended supersymmetry have a more intricate behaviour of their amplitudes in the helicity basis and their study will be postponed until section 5. Theories with N = 4 (or N = 2) supersymmetry have N different species of gluinos and 6 (or 4) scalar fields. This leads to a large number of elementary MHV-like vertices in the scalar graph formalism. This proliferation of elementary vertices asks for a super-graph generalization of the CSW scalar graph method, which will be outlined in section 5. Now we concentrate on tree level partial amplitudes A n = A l+2m with l gluons and 2m fermions in the helicity basis, and all external lines are defined to be incoming.
In N ≤ 1 theory a fermion of helicity + 1 2 is always connected by a fermion propagator to a helicity − 1 2 fermion hence the number of fermions 2m is always even. This statement is correct only in theories without scalar fields. In the N = 4 theory, a pair of positive helicity fermions, Λ 1+ , Λ 2+ , can be connected to another pair of positive helicity fermions, Λ 3+ , Λ 4+ , by a scalar
propagator.
In N ≤ 1 theory a tree amplitude A n with less than two opposite helicities vanishes 2 identically [18] . First nonvanishing amplitudes contain n − 2 particles with helicities of the same sign [19, 20] and are called maximal helicity violating (MHV) amplitudes.
In the spinor helicity formalism [21, 19, 20] an on-shell momentum of a massless particle, p µ p µ = 0, is represented as
where λ a andλȧ are two commuting spinors of positive and negative chirality. Spinor inner products are defined by
and a scalar product of two null vectors, p aȧ = λ aλȧ and q aȧ = λ ′ aλ ′ȧ , becomes
An MHV amplitude A n = A l+2m with l gluons and 2m fermions in N ≤ 1 theories exists only for m = 0, 1, 2. This is because it must have precisely n − 2 particles with positive and 2 with negative helicities, and our fermions always come in pairs with helicities ± . Hence, there are three types of MHV tree amplitudes in N ≤ 1 theories:
Suppressing the overall momentum conservation factor, ig
, the MHV purely gluonic amplitude reads [19, 20] :
2 In the N = 1 theory this is also correct to all orders in the loop expansion and non-perturbatively. 3 Our conventions for spinor helicities follow [2, 1] and are the same as in [3] .
where λ n+1 ≡ λ 1 . The MHV amplitude with two external fermions and n − 2 gluons is
where the first expression corresponds to r < s and the second to s < r (and t is arbitrary). The MHV amplitudes with four fermions and n − 4 gluons on external lines are
The first expression in (1.7) corresponds to t < s < r < q, the second -to t < r < s < q, and there are other similar expressions, obtained by further permutations of fermions, with the overall sign determined by the ordering.
Expressions (1.6), (1.7) can be derived from supersymmetric Ward identities [18, 22, 23] , and we will have more to say about this in section 5. The MHV amplitude can be obtained, as always, by exchanging helicities + ↔ − and i j ↔ [i j].
Gluonic NMHV amplitudes and the CSW method
The formalism of CSW was developed in [1] for calculating purely gluonic amplitudes at tree level. In this approach all non-MHV n-gluon amplitudes (including MHV) are expressed as sums of tree diagrams in an effective scalar perturbation theory. The vertices in this theory are the MHV amplitudes (1.5), continued off-shell as described below, and connected by scalar propagators 1/q 2 .
It was shown in [3] that the same idea continues to work in theories with fermions and gluons. Scattering amplitudes are determined from scalar diagrams with three types of MHV vertices, (1.5),(1.6) and (1.7), which are connected to each other with scalar propagators 1/q 2 .
Also, at tree level, supersymmetry is irrelevant and the method applies to supersymmetric and non-supersymmetric theories [3] .
When one leg of an MHV vertex is connected by a propagator to a leg of another MHV vertex, both legs become internal to the diagram and have to be continued off-shell. Off-shell continuation is defined as follows [ 
There is a price to pay for this invariance of the individual diagrams. Equations (2.1),(2.2) lead to unphysical singularities 4 which occur for the whole of phase space and which have to be cancelled between the individual diagrams. The result for the total amplitude is, of course, free of these unphysical singularities, but their cancellation and the retention of the finite part requires some work, see [1] and section 3.1 of [3] .
It will be important for the purposes of this paper to note that these unphysical singularities are specific to the three-gluon MHV vertices and, importantly, they do not occur in any of the MHV vertices involving a fermion field [3] . To see how these singularities arise in gluon vertices, consider a 3-point MHV vertex,
This vertex exists only when one of the legs is off-shell. Take it to be the g
This implies that 2 3 = − 2 2 [2 1] = 0, and the denominator of (2.3) vanishes. This is precisely the singularity we are after. If instead of the g 
Now consider a three-point MHV vertex involving two fermions and a gluon,
Choose the reference spinor to be as before,λ˙a 1 , and take the second or the third leg off-shell. This again makes 2 3 = 0, but now the factor of 2 3 is cancelled on the right hand side of (2.5). Hence, the vertex (2.5) is regular, and there are no unphysical singularities in the amplitudes involving at least one negative helicity fermion when it's helicity is chosen to be the reference spinor [3] . One concludes that the difficulties with singularities at intermediate stages of the calculation occur only in purely gluonic amplitudes. One way to avoid these intermediate singularities is to choose an off-shell continuation different from the CSW prescription (2.1),(2.2).
Very recently, Kosower [6] used an off-shell continuation by projection of the off-shell momentum with respect to an on-shell reference momentum q µ Ref , to derive, for the first time, an expression for a general NMHV amplitude with three negative helicity gluons. The amplitude in [6] was from the start free of unphysical divergences, however it required a certain amount of spinor algebra to bring it into the form independent of the reference momentum.
Here we will propose another simple method for finding all purely gluonic NMHV amplitudes. Using N = 1 supersymmetric Ward identities one can relate purely gluonic amplitudes to a linear combination of amplitudes with one fermion-antifermion pair. As explained above, the latter are free of singularities and are manifestly Lorentz-invariant. These fermionic amplitudes will be calculated in the following section using the CSW scalar graph approach with fermions [3] .
To derive supersymmetric Ward identities [18] we use the fact that, supercharges Q annihilate the vacuum, and consider the following equation,
where dots indicate positive helicity gluons. In order to make anticommuting spinor Q to be a singlet entering a commutative (rather than anticommutative) algebra with all the fields we contract it with a commuting spinor η and multiply it by a Grassmann number θ. This defines a commuting singlet operator Q(η). Following [23] we can write down the following susy algebra relations,
In what follows, the anticommuting parameter θ will cancel from the relevant expressions for the amplitudes. The arbitrary spinors η a , ηȧ, will be fixed below. It then follows from (2.7)
(2.8)
After choosing η to be one of the three r j we find from (2.8) that the purely gluonic amplitude with three negative helicities is given by a sum of two fermion-antifermion-gluon-gluon amplitudes. Note that in the expressions above and in what follows, in n-point amplitudes we show only the relevant particles, and suppress all the positive helicity gluons g + .
Remarkably, this approach works for any number of negative helicities, and the NMHV amplitude with h negative gluons is expressed via a simple linear combination of h − 1 NMHV amplitudes with one fermion-antifermion pair.
In sections 3 and 4 we will evaluate NMHV amplitudes with fermions. In particular, in section 3 we will calculate the following three amplitudes,
) .
(2.9)
In terms of these, the purely gluonic amplitude of (2.8) reads 10) and η can be chosen to be one of the three m j to further simplify this formula.
NMHV (---) Amplitudes with Two Fermions
We start with the case of one fermion-antifermion pair, Λ − , Λ + , and an arbitrary number of gluons, g. The amplitude has a schematic form,
, Λ + k ), and without loss of generality we can have m 1 < m 2 < m 3 . With these conventions, there are three different classes of amplitudes depending on the position of the Λ + k fermion relative to m 1 , m 2 , m 3 :
Each of these three amplitudes receives contributions from different types of scalar diagrams in the CSW approach. In all of these scalar diagrams there are precisely two MHV vertices connected to each other by a single scalar propagator [1] . We will always arrange these diagrams in such a way that the MHV vertex on the left has a positive helicity on the internal line, and the right vertex has a negative helicity. Then, there are three choices one can make [6] for the pair of negative helicity particles to enter external lines of the left vertex, (m 1 , m 2 ), (m 2 , m 3 ), or (m 3 , m 1 ). In addition to this, each diagram in N ≤ 1 theory corresponds to either a gluon exchange, or a fermion exchange.
The diagrams contributing to the first process (3.1a) are drawn in Figure 1 . There are three gluon exchange diagrams for all three partitions (m 2 , m 3 ), (m 1 , m 2 ), (m 3 , m 1 ), and there is one fermion exchange diagram for the partition (m 1 , m 2 ).
It is now straightforward, using the expressions for the MHV vertices (1.5),(1.6), to write down an analytic expression for the first diagram of Figure 1 :
This expression is a direct rendering of the 'Feynman rules' for the scalar graph method [1, 3] , followed by factoring out the overall factor of ( n l=1 l l + 1 ) −1 . The objects (i + 1, j) and (j + 1, i) appearing on the right hand side of (3.2) denote the spinors λ i+1,j and λ j+1,i corresponding to the off-shell momentum q i+1,j Having the freedom to choose any reference spinor we will always choose it to be the spinor of the fermion Λ − . In this section, this is the spinor of Λ
We can now re-write and define a universal combination,
Note that Here we introduced the standard Lorentz-invariant matrix element i − |p / k |j − = i a p k aȧ j˙a, which in terms of the spinor products is
The expression for A
n now becomes:
For the second diagram of Figure 1 , we have
The MHV vertex on the right in the second diagram in Figure 1 can collapse to a 2-leg vertex. This occurs when i = m 3 and j + 1 = m 3 . This vertex is identically zero, since q j+1,i = p m 3 = −q i+1,j , and m 3 m 3 = 0. Similar considerations apply in (3.11), (3.15), (3.17) , (3.20) , (3.21), (4.3) and (4.11).
Expressions corresponding to the third and fourth diagrams in Figure 1 are
Note that the first sum in (3.12),
, is understood to run in cyclic order, for example
The same comment will also apply to similar sums in Eqs. (3.14), (3.17), (3.19) , (3.20) below.
The total amplitude is the sum of (3.9), (3.10), (3.11) and (3.12),
There are three sources of zeroes in the denominator combination D defined in (3.7). First, there are genuine zeroes in, for example, i − |q / i+1,j |m − 1 when q i+1,j is proportional to p i . This occurs when j = i−1. Such terms are always associated with two-leg vertices as discussed above and produce zeroes in the numerator. In fact, the number of zeroes in the numerator always exceeds the number of zeroes in the denominator and this contribution vanishes. Second, there are zeroes associated with three-point vertices when, for example, i = m 2 and q i+1,j = p m 2 +p m 1 so that m − 2 |m / 1 + m / 2 |m − 1 = 0. As discussed in Sec. 2, there is always a compensating factor in the numerator. Such terms give a finite contribution (see (2.5)). Third, there are accidental zeroes when q i+1,j happens to be a linear combination of p i and p m 1 . For general phase space points this is not the case. However, at certain phase space points, the Gram determinant of p i , p m 1 and q i+1,j does vanish. This produces an apparent singularity in individual terms in (3.9)-(3.12) which cancels when all contributions are taken into account. This cancellation can be achieved numerically or straightforwardly eliminated using standard spinor techniques [6] .
For the special case of coincident negative helicities, m 1 = 1, m 2 = 2, m 3 = 3, the double sums in Eqs. (3.9)-(3.12) collapse to single sums. Furthermore, we see that the contribution from (3.11) vanishes due to momentum conservation, q 2,1 = 0. The remaining three terms agree with the result presented in Eq. (3.6) of Ref. [3] . 
We now consider the second amplitude, Eq. (3.1b). The scalar graph diagrams are shown in Figure 2 . There is a fermion exchange and a gluon exchange diagram for two of the line assignments, (m 1 , m 2 ), and (m 3 , m 1 ), and none for the remaining assignment (m 2 , m 3 ).
These four diagrams result in: 17) and the final answer for (3.1b) is, 
Finally, we give the result for (3.1c). The corresponding diagrams are drawn in Figure 3 . We find
As before, the full amplitude is given by the sum of contributions,
NMHV (---) Amplitudes with Four Fermions
We now consider the amplitudes with 2 fermion-antifermion lines. In what follows, without loss of generality we will choose the negative helicity gluon to be the first particle. With this convention, we can write the six inequivalent amplitudes as:
The calculation of the amplitudes of (4.1a)-(4.1f) is straightforward. The diagrams contributing to the first process are shown in Figure 4 . It should be noted that not all the amplitudes in (4.1a)-(4.1f) receive contributions from the same number of diagrams. For example, there are four diagrams for the process of (4.1a) while there are six for that of (4.1b). In order to avoid vanishing denominators, one can choose the reference spinor to beη =λ m 2 . With this 
Figure 4: Tree diagrams with MHV vertices contributing to the four fermion amplitude
choice the result can be written as:
As before the final result is the sum of Eq. (4.2)-(4.5).
Once again, for the case of coincident negative helicities, m 2 = 2, m 3 = 3, the double sums collapse to single summations and we recover the results given in Ref. [3] . 
As a last example we write down the expression for the amplitude of (4.1b). The corresponding diagrams are shown in Figure 5 . We find,
The full amplitude is the sum of Eq. (4.2)-(4.5).
We close this section by listing the inequivalent NMHV amplitudes with three fermionantifermion pairs. There are ten such amplitudes since choosing the first particle to be a negative helicity fermion we are left with five fermions (two of which have negative helicity and three positive) which should be distributed in all possible ways among themselves, and, in addition there are (n − 6) positive helicity gluons. Thus the number of different possible ways is 5!. However, the order of the particles of the same helicity is immaterial (since one can always choose m 2 ≤ m 3 and m p ≤ m q ≤ m r ). This means that we have to divide 5! by 3! (for the positive helicity fermions) and by 2! (for the negative helicity fermions.) Thus there are ten different fermion amplitudes. These are listed below:
(4.14)
These amplitudes also present no difficulty, and they can be evaluated in the same manner as before.
Iterations of the Analytic Supervertex

Analytic Supervertex
So far we have encountered three types of MHV amplitudes (1.5), (1.6) and (1.7). The key feature which distinguishes these amplitudes is the fact that they depend only on λ i λ j spinor products, and not on [λ iλi ]. We will call such amplitudes analytic.
All analytic amplitudes in generic 0 ≤ N ≤ 4 gauge theories can be combined into a single N = 4 supersymmetric expression of Nair [17] ,
Here η A i are anticommuting variables and A = 1, 2, 3, 4. The Grassmann-valued delta function is defined in the usual way, , −1}, which precisely correspond to those of the N = 4 supermultiplet, {g
It is straightforward to write down a general rule [3] for associating a power of η with all component fields in N = 4,
The first MHV amplitude (1.5) is derived from (5.1) by using the dictionary (5. 
where it is understood that φ AB = 
Scalar graphs with analytic vertices
The conclusion we draw from the previous section is that in the scalar graph formalism in N ≤ 4 SYM, the amplitudes are characterised not by a number of negative helicities, but rather by the total number of η's associated to each amplitude via the rules (5.3).
The vertices of the scalar graph method are the analytic vertices (5.4) which are all of degree-8 in η. These vertices are analytic (they depend only on i j spinor products) and not necessarily MHV. These are component vertices of a single analytic supervertex 5 (5.1).
The analytic amplitudes are of degree-8 and they are the elementary blocks of the scalar graph approach. The next-to-minimal case are the amplitudes of degree-12 in η, and they are obtained by connecting two analytic vertices [17] In the next section we derive a simple expression for the first iteration of the degree-8 vertex. This iterative process can be continued straightforwardly to higher orders. We now consider a diagram with two analytic supervertices (5.1) connected to one another by a single scalar propagator. The diagram is depicted in Figure 6 . We follow the same conventions as in the previous sections, and the left vertex has a positive helicity on the internal lineĪ, while the right vertex has a negative helicity on the internal line I. The labelling 5 The list of component vertices (5.4) is obtained by writing down all partitions of 8 into groups of 4, 3, 2 and 1. For example, A n (g − , φ AB , Λ A+ , Λ B+ ) follows from 8 = 4 + 2 + 1 + 1. 6 In practice, one needs to know only the first half of these amplitudes, since degree-(4n − 8) amplitudes are anti-analytic (formerly known as googly MHV and they are simply given by degree-8 * amplitudes, similarly degree-(4n − 12) are given by degree-12 * , etc.
Two analytic supervertices
of the external lines in Figure 6 is also consistent with our conventions. The right vertex has n 1 lines, and the left one has n 2 lines in total, such that resulting amplitude A n has n = n 1 + n 2 − 2 external lines. Suppressing summations over the distribution of n 1 and n 2 between the two vertices, we can write down an expression for the corresponding amplitude which follows immediately from (5.1) and Figure 6 :
The two delta-functions in (5.6) come from the two vertices (5.1). The summations in the deltafunctions arguments run over the n 1 − 1 external lines for right vertex, and n 2 − 1 external lines for the left one. The integration over d 4 η I arises in (5.6) for the following reason. Two separate (unconnected) vertices in Figure 6 would have n 1 + n 2 lines and, hence, n 1 + n 2 different η's (and λ's). However the I and theĪ lines are connected by the propagator, and there must be only n = n 1 + n 2 − 2 η-variables left. This is achieved in (5.6) by setting We now integrate out four η I 's which is made simple by rearranging the arguments of the delta-functions via δ(f 2 )δ(f 1 ) = δ(f 1 +f 2 )δ(f 1 ), and noticing that the sum of two arguments, f 1 + f 2 , does not depend on η I . 
The final result is
A n = 1 n l=1 l l + 1 δ (8) n i=1 λ ia η A i 4 A=1 n 1 l 1 =I I l 1 η A l 1 1 D ,(5.
Conclusions
In this paper we have shown how all non-MHV tree-level amplitudes in 0 ≤ N ≤ 4 gauge theories can be obtained directly from the known MHV amplitudes using the scalar graph approach of Cachazo, Svrcek and Witten. As a specific example, we have focussed on amplitudes which are next-to-MHV, i.e. contain three negative helicity particles and an arbitrary number of positive helicity particles. By starting with amplitudes containing fermions, the reference spinor for the negative helicity gluons can be chosen to be that of the negative helicity fermion. As a consequence, the amplitudes are free of unphysical singularities for generic phase space points and no further helicity-spinor algebra is required to convert the results into a numerically usable form. The gluons only amplitudes can then be simply obtained as sums of fermionic amplitudes using the supersymmetric Ward identity. These amplitudes are therefore also immediately free of unphysical poles. We have provided expressions for (−, −, −) amplitudes with a two and four fermions and shown how to construct the amplitudes for six fermions. The extension to amplitudes with four or more negative helicity particles is straightforward. In principle one could use the results presented here to write a numerical program for evaluating generic processes involving fermions and bosons [24, 25] .
All of these results can be recovered from Nair's N = 4 supervertex. This analytic vertex generates all possible interactions that depend only on products of λ i λ j . Interestingly, all of the allowed vertices are not MHV. For example, A n (g − , Λ 1+ , Λ 2+ , Λ 3+ , Λ 4+ ). This implies that the scalar graph approach is not primarily based on MHV amplitudes.
The next logical step is to extend the formalism to the computation of loop graphs. The twistor space approach of Ref. [2] may once again shed light on the structure of gauge theory amplitudes at the loop level [7] . Also, the simplified (four-dimensional) helicity amplitudes for arbitrary numbers of legs presented here may provide new impetus to computing loop amplitudes in supersymmetric theories using the unitarity approach [26] for sewing tree amplitudes to form loops.
